 oseson

 THEORY OF COMPUTATION . | L EES o
' OBIECTIVES! e e e _ R
~ To understand the language hierarchy Lo e R Aoy
~ To construct automata for any given pattern and f ind its equivalent regular expressions.
- To design a context free gramumar for any given language S :
To understand Turing machines and their capability
To understand undecidable problems and NP class problems
UNIT I AUTOMATA FUNDAMENTALS WIS e
Introduction to formal proof - Additional forms of Proof — Inductive Proofs ~Finite Automatd =
Deterministic Finite Automata ~ N on-deterministic Finite Automata - Finite Automala with Epsilon
Transitions » : :
| UNIT Il REGULAR EXPRESSIONS AND LANGUAGES | | 9.
Regular Expressions — FA and Regular Expressions — Proving Languages not to be regular -
Closure Properties of Regular Languages - Equivalence and Minimization of Automata.
UNIT Il CONTEXT FREE GRAMMAR AND LANGUAGES - “8
'CFG ~ Parse Trees — Ambiguity in Grammars and Languages - Definition of the Pushdown &
Equivalence of Pushdown Automata and CFG,

Automata — Languages of a Pushdown Automata
Deterministic Pushdown Automata.
9

S OF CONTEXT FREE LANGUAGES :
of CFL ~ Turing

UNIT IV PROPERTIE
r CFL ~ Closure Properties

Normal Forms for CFG - Pumping Lemma fo
Machines - Programming Techniques for TM.
9

Undecidable Problem with RE - Undecidable

UNITV UNDECIDABILITY
oblem, The Class P and NP.

Non Recursive Enumerable (RE) Language ~
problems about TM — Post’s Correspondence Pr

TOTAL :45PERIODS

OUTCOMES:
Upon completion of the course, the students will be able to:

Construct automata, regular expression for any patiern.
Write Context free grammal for any construct.

Design Turing machines for any language.
Propose computation solutions using Turing machines.
Derive whether a problem is decidable or not.

TEXT BOOK: :
d 1.D Ullman, “Introduction to Automata Theory, Languages and

¥ J.E.Hopcroft, R.Motwani an
Computations”, Second Edition, Pearson Education, 2003,

REFERENCES: ,
1. H.R.Lewis and C.H.Papadimitriou, “Elements of the theory of Computa

tion”, Second Edition,

* Third Edition, TMH,

- PHI, 2003. » |
~ - 2. JMartin, “Inroduction o Languages and the Theory of Computation”, T
oL 2003 3 v ’

3. Michea

I Sipser, “Introduction of the Theory sud Computation”, Thomson Brokecols, 195771 )
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Theorem:

The family of context-free language is closed under union, concatenation, and star-

closure.

Proof of Closure under Union

* Assume that L1 and L2 are generated by the context-free grammars G| = (VI ,T1,SI1,Pl)and
G2=(V2,T2,82,P2)

* Without loss of generality, assume that the sets V1 and V2 are disjoint
* Create a new variable S3 which is not in V1 y V2

* Construct a new grammar G3 = (V3 , T3, S3 ., P3 ) so that
=V3=VI uV2u {S3)

-T3=T] uT2
—P3=Pl uP2

* Add to P3 a production that allows the new start symbol to derive either of
Lland L2 -S3 — S1|8S2

the start symbols for

* Clearly, G3 is context-free and generates the union of L1 and [.2 , thus completing the proof

Proof of Closure under Concatenation

* Assume that L1 and L2 are generated by the context-free grammars G1 = (V1 ,T1,S1, Pl )and
G2=(V2, T2 'S2 ,P2)

* Without loss of generality, assume that the sets V1 and V2 are disjoint

* Create a new variable S4 which is not in V1 u V2

* Construct a new grammar G4 = (V4 , T4 , S4 , P4 ) so that

—V4=V]uV2u {S4}

- T4=T1uT2

—P4=P| yuP2

* Add to P4 a production that allows the new start symbol to derive the concatenation of the start
symbols for L1 and L2 — S4 — S1S2

* Clearly, G4 1s context-free and generates the concatenation of L1 and L2 , thus completing the
proof

Proof of Closure under Star-Closure

* Assume that L1 1s generated by the context-free grammars G1 = (V1 ,T1, Sl , Pl )

* Create a new variable S5 which is not in V1

* Construct a new grammar GS = (V5 ,T5, S5, P5) so that

Scanned by TapScanner




-V3=Vie (S5}

-T5=T1

-P3=PI

* Add w PS a production that allows the new start symbol S5 to derive the repetition of the start
symbol for L1 any number of times — S5 — SIS5 | A

* Clearly. G5 1s contexi-free and generates the starclosure of L1 , thus completing the proof

Theorem:
The family of context-free language is not closed under intersection and
complementation.

No Closure under Intersection

= Unlike regular languages, the mtersection of two context-free languages L1 and L2 does not
necessarily produce a contextfree language

= As a counterexample, consider the context-free languages L1 = {a® "™ n>0,m>0} L2 =
{a9°c™:n>0,m>0}

= However, the intersection L1 and L2 is the language L3 = { a"b"c": n>0 }

*» L3 can be shown not be context-free by applying the pumping lemma for context-free languages

Not Closed under Complementation:(By contradiction)

» Suppose that contexi-free languages are closed under complementation.

A L E 'Hr‘&.__lf-:?'_.'_
k] :-_;_'_I: f.@.‘.'_r'j'.‘m

o e
Y St

--------
'y e e et H
----------
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I Design a unng machine that accept the language L={0°1":n> 1} compute 0011
The fonaal sepcification of the TM M s,

h"r({[lﬂ.q| .[l;.[]].fl;}. [0.1 } \ {0. 1.X.Y.B }.O, ql:;.B¢ {q.})
The nmansitions are as follows:

3(Qo.0)=(q1. X R)

H(1.0)=(q:.0.R)
S(qu.1)=(qa.Y.L)
3(92.0)=(q..0,L)
(2. X)=(q0.X.R)
2(u.Y)=(q..R)
3(q2. Y)=(qa. Y.L)
(3. Y)=(qs.Y.R)
3(qo.Y)=(qs.Y,R)

3((]3.B)=((]4,B.R)
Transition Table:
State 0 | X X B
A (q:.X.R) = = (03, Y.R) -
e e | - [y
qQ> (q2.0.L) - (Q.X.R) | (q.Y.L) -
@ : - | - |@YR ][ @BR
*Q-i = 7 S 23 4

0011

0011 }Xq011 }X0qll |FXq:0Y1 |quX0Y1 | Xqu0Y1 | XXquY1 | XXYqu!
XXqYY FXQXYY | XXqYY FXXYqY | XXYYqB | XXYYBqB

bz e
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Lransition Dingram:

2_ Construct a TM for accepting {a'b’cti).k 2 1.1 =) + k}.
The informal description of the TM is as follows. Consider the figure which shows the mitial

2.

aa+-+a--aab+:+bec:+-c

The machine starts reading a ‘a’ and changing it to a X; it moves right: when it sees a ‘b’ 1t
converts it into a Y and then starts moving left. It matches a’s and b's. After that. it matches a’s with ¢’s
The machine accepts when the number of a's is equal to the sum of the number of b’s and the number

of c’s.
Formally M = (K,Z.I,0,q0,F)
K = {q0.q1.92,93,94,95.96,97.q8}
F={q8}
2 = {ab.c}
= {a.b.c.X.Y.Z,6 b}

e ———ETN ] [ AT L TR i
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018 defined as follows:

8(q0.2) = (g1 X.R) |
[n state q0, 1t reads a "2’ and changes it to X and moves right in q1.

¥ql.2) = (ql,aR)

In state qlit moves nght through the ‘a’s.
Xql.b) =(q2.Y.L)

When 1t sees a “b' it changes itintoa Y .
Xq2.2) =(q2.al)
§g2Y)=(q2.YL)

In state q2it moves left through the ‘a’sand Y's.

8(q2.X) = (q0.XR)

When it sees a X it moves night in q0and the process repeats.

5qLY)=(q3YR)

§g3.Y)=(g3.Y.R)

&g3.b) = (@2.Y.L)

After scanning the “a’s it moves through the Y s still 1t sees a “b’, then it converts 1t into 2 Y and moves
left.

§e3.0)=@4ZL) | e T
When no more ‘b’s remain it sees a ‘¢’ in state q3, changes that it into Z and starts moving left 1n state
q4. The process repeats. After matching “a’s and ‘d’s, the TM tries to match "a's and c’s.

¥qhY)=(gt.Y.L)

&(qd,2)=(q4al)

¥q4.X) = (Q0XR)

%93.2)=(q>.ZR)

¥e5.0)=(4.21)

545.2)=(95.ZR)

Hq42)=(2L) | e
When no more “a’s remain it sees a Y in state q0 checks that all “b’s and ‘c’s have been matched and

reaches the final state 8.
&q0.Y) = (q6,Y.R) %
B(qﬁlY ) = (Qﬁ,Y,R) |
&q6.2)=(q7.ZR)
¥q7.2)=(q7.ZR)
8(q7,6 b) = (q8,b.balt)

e ————————————— R P e e
Scanned by TapScanner



"o The funciion s defined s fx, y) = xy.

J ‘X" is given by 0",

__ 'y is given by (.

¢  Theinputis placed on tape as 00%, where ‘' is the separator.
. Then the output wall be 0.

Starting from the first zero in the 0°, the tape head moves till it finds a separator °|" and replaces it
by '0°, move right to find the blank symbol. l

. _Ihmmmltﬁmmllmdreplmtheminlhalmllbylblmksymhol
L..eth:-}(% E,{l",l&,q.,B. F), assume the set of states Q = {qa, qi, @2, qu}, £ = {0, 1}, ['= (0.1,B},
0 = 1904, = 1Qay.

Assume x = 3, y = 2 then, input string is: 0°|0° ==> 000/00BBB

000(00BBB |- 000/00BBB |- 000/00BBB | 000j00BBB |- 000000BBB | 000000BBB |- 000000885

T2e T2 Tae Tas Tas Tae Ta.
}- 000000BBB } 00000BBBB

T!t Tﬂl
Transition Table:
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Construct 0 TM to compute the function, f{x) = x+|

e xX'isgivenby 0"

o AflX)=x+l=0""

« The output contains one more ‘0" than the input.
e Initially the TM 1s at q.

o Atqpif it reads a blank symbol by skipping 0's, replace it with ‘0" and enters final state.
Let M = (Q, &, I, 8, qo. B, F), assume the sct of states Q = {qo, qi}, L = {0}, I' = {0, B}, qo =

TR F={qul.
Assume X = 3 then, input string is: 0 => 000BBB
000BBB |- 000BBB |- 000BBB | 000BBB |- 0000BB

T% TQn I% T‘In Iq'.

Transition Table:

State 0 B
—Qo | (90,0,R) | (q;,0,R)
*ql | 3 =
Transition Diagram:
0/0—>

Ex3: Desigga TM to compute proper subtraction.

Soln: Proper subtraction is defined by m = n.
ic) ‘m —n= max(m - n, 0)
‘m-n if m>n
m=—nis <
0 f m<n

Procedure:
e The TM starts its operation with 0™|0" on its input tape.
Initially the TM 1s at state qg.

the cycle.
The repetition ends if:

Al g, it replaces the leading ‘0" by blank and scarch right looking for first *|".
After finding it, the TM searches right for *0” and change it to °|".
Then move the tape head to left till reaches the blank symbol. And then enter state qq to repeat

(1) Searching right for a ‘0’, TM encounters a blank. Then n 0’s in 070" have all been changed to B.
Replace the (n+1)" *|" by ‘0’ and n B’s. Leaving m-n0’s on its tape.
(2) TM cannot find a ‘0" to change it to blank during the beginning of the cycle. Change all zero’s

and 1’s to blank and the result in zero.

Scanned by TapScanner
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(1)

Lot M =(Q, X, I, §, qu, B, F), assume the sct of states Q = {qo. q, @2, Qv Qs Qs, Gof, L= [0, 1), ' =
‘ﬁtl'lBL ﬂn 9 {qﬂ"l F e ‘qﬁl .

(1) Assume m=2, n=| then, Input stnng i1s:  00{0

000BBR | BOPBDB | BOBBB | BOPBBB | BOIBBA | BOIBBE | BOIBLE | BO/IBLA

Tﬂb Tﬂ:. “h I'h Tﬂ': 1#1 T'?l lﬂu
I BB|IBBA | BB|IBBB | BBIIBBB | BB(IBBB | BBIBBBB | BBBBBBE
Tih Tﬂ: Tﬂ: Iih Tih Iih
| BOBBBRB
T'h

(1) Assume m=1, n=2 then, input string is: - 0)00
0)00BB | BI0OBB | BJ0OBB | B[10BB | B|10BB | B|I0BB | BB10BB | BBBOBB

1 ) et r 1 1 T

qo 9 91 Q1 qo Cs Qs ;
| BBBBBB | BBBBBB -’
qu T41 E
|
Transition Table |
St |
Statc 0 1 B ’
—qo | (q1,B,R) | (qs,B,R) -
qi (qi.0.R) | (g2 1,R) - |
ql (q]‘l I 1L) (('I‘.‘,I 1R] (q-l-.B.,L) |
q | (9.0.L) | (qu1,L) | (ge,B,R)
Q| (940.L) | (q.B,L) | (960,R)
qs | (qs,B,R) | (qs,B,R) | (q¢B,R) |
-j.f' = = = |
Transition Diagram: i
B/B— ;
“ |
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There are different techniques are used for constructing Turing Machine. They are,
(1) Storage in the state.
(2) Multiple Tracks
(3) Subroutines
(1) Storage in the state;
The finite control holds a finite amount of information. Then the state of the finite control is

represcnied as o pair of elements. The first clement represents the state and the sccond clement
represents storing a symbol.

Ex.l:  Construct a TM, M=(Q, (0,1}, 10,1,B}, 8, [qs.B], Z0, [a,,B]), that look at the first i symbol
mhwfﬁWMMMhMMIdoulﬁlﬁﬁre]&cMmium =
Saln:  For the states of Q as, Q * {0, 1, B} = {qs, qi} * (0, 1, B}
Q= (96,01, (4w 1) [ BJ. (1. O). . 1. far, B}

In this, the finite control holds a pair of symbol, that is, both the state and the symbol.
(1) 6((qo B), a) = ([gy, a], a, R); where, a=0 (or) |

~ AL'qy’, the T™ reads the first symbol ‘o’ and goes to state 'q;". The input symbol is coped into

Ihemoﬁfmwmu[ﬂwﬂmwmvu_ﬁm
(ii) 8((q,,a). @)= ((q.8), @, R, where, a is the complement of ‘a’.

ic) ifa=0 then a=1|

ifa=1 then a=0
AL q, if the TM reads the other symbols, M skips over and moves right.
(i) & ([ﬂ_: al, 8= ((q), B]. B, R)
"M reaches the same symbol, it halts without enters aceepting.

(iv) & ([qi.a), B) = ([q2. B). B, R)
I M reaches the first blank, then it cnters the

#
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} . iy g o - . i LWt Al L . "R eIl e G N o A BN T~ s L T Py .- [
o ! y i i - i ' Ty e | 2 T i ey o A et R Wl T e T, I & - o B e,
it LN Y . & 1 . b i L ol % s - d=a 2 s L _.._-fh *__.'!.__ (3] ¥ -Ifr'-l ¥ ﬁm_p_- .
bt | [ P e | L Am e T N B ) : LY Ly e I~ R Lt -4 = at F _l_-"' g
¥ = - - H 3 R N : I W -
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i e SR nqul 1s placed on the second track.
S A S (3) The input on the first track is copied into third track.
S ﬂ) The number on the second track is subtracted from the third track.
T«. e (5 E‘: remainder is same as the number in the second track then the number on the first track is
S G If it is greater than 2, then continuc this until =2, ifi
L el -y sk pmms:moﬂtlliwmmdermlhcthlrdmkmﬁ 2.1f 1t
2 S (1) Take the input ==> |0

e v ) 6] o

Finallymmdtncknumhermdthedmdmknumbemcqual
. The given number is even.

(if) Assume the input ==> 7

Ex2: Design a TM that takes an input greater than 2 and checks whether the given Input is prime or

not.
20 Soln:  Procedure: ,
() Themnputis placed into first track. :
T “5*""’3 = - (2) The integer 2 is placed on the second track. RS
2 _;.E;-'-&;-:;;;;‘rl-- g {3} The input on the first track is copied into third track. SR A
e -;;:;;;fq:g o -;4} Ihmmhug the second track is subtracted from the third track. e
£ e .._f Q) BT cr is zero, then the number on the first track is nota prime.
PREAEoe LlE FipgR | 4y [ 7 mm m then umh an umﬂ track b ,-fff'f S

_‘ _,'1_1_ :|=t-l'rI1‘ *' ?_T:'H."}"
=S5 -.— ".,c“‘f-’ 'h 4 ‘h- ¢ }-H{

l- L - iy ™ o =
e L e S et o s
w AT i 15 i""‘ :' : . "'.___.. =¥ ol = l r'
) g 13 S ""'g' " ‘” 11 Erﬂﬂ

L B = i e o .
. ._.1._:'_.-. e W A Nk
k1 I'.I_- .l-r‘.——:"':ﬂ' - my
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R = | i SR Y

(1) Assunwe the input ==> § |

Track 1rs

Track 2

Track 3

———

(1) Assume the input ==> §

Track |
Track 2

Track 3

(3) Subroutines:

wa

— -— - e P e ey L

8 8 8 ’
4 M 2 |l 2
4 2 0
The given number is not a primie number,
5 5
ey
2 2 Increase the second track value by |
3 I

Increase the second track value by |

5
5 5
1 —| 4 [ncrease the second track value by |
2 |
S S—
5
. | Here the number on second track 13 equal to the number
< on the first track '

. The given number is prime.

Subroutines arc used in computer languages, which perform some task repeatedly. A turing

machine can simulate any type of subroutine found in programming languages. A part of the T™
program can be used as subroutine. This subroutine can be called for any number of times in the main

TM program,

Ex:  Designa TM to implement multiplication function, ({m,n) = m*n [Nov /Dec 2014, Apr/ May 2015]
Soln:  ‘m’ is given by 0
‘n’ 18 given by 0"

Input is: 0" | 0"

naz

Output 1s: 0
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g  Input and output is placed into the tape, that is, o™ | 0" | o™
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o/B-—>
The Complete Muluplicabhon Program Uses in Subroutine Copy

Assume m = 3, n = 2 then, input is 0°|0°, that is placed on the input tape as,
00000[BBBBBHB | BO0POIBBBBBBE | BOOOO|BBBBRBE | BO0OBBBBBBB | B00|00BBBBBBE

TQe R 1@1 TQi TQ:
F BOOX0[BBBBBBEB | BOOX0BBBBBBE | BOOX0BBBBBBB | BOOIX00BBBBBB
¥ Tq: TQ: TQ: TG:
| | B00X0|0BBBBBB | BOOX00BBBBBB | BOOX00BBBBBE | BOOXX|0BBBBBB
i TQ: Tﬂ: Iﬂ: TQ:
I BOOIXX|0BBBBBB | BOOXX(0BBBBBB | BOOXX00BBBBB | BOOXX|00BBBBB
TQ: TQ: TQI TQ:
I BOO|XX|00BBBBB | BOOIXX|00BBBBB | BOOXX00BBBBB | B00|X0[00BBBBB
IQI TQ: TQ* TQ:
I BOOJ00IOBRBBE | BOO|000OBBBBB | BO0|00j00BBBBB | BO00000BBBBB
IQ+ Tqi TQ‘ TQ:

I B00|00J00BBBBB | B0O0J00|00BBBBB | B0O0|000OBBBBE | BBO00VOBBBRA
‘Qt Tﬂi Iﬂn TQ;
I BBOJ00J0OBBBBE |- BBO00OBBBBE | BBOX000BBBBB | BBOX000BBBBE
TQi TQ: rQ: TQ:

F BBO[X0/00BBBBB | BBOX0POBBBBB | BBOX000BBBBE | BBOX00OBBBE
TG‘: Tﬂ: TQ: TQ:

F BBOX0[000BBBB | BBOX0000BBBB | BBOX0/000BRBH | BROX0NOOBBB B
fq 3 qu tﬂlln ‘4:

F BBOIX0[000BBBB | BROIXX000BBHBB | BROXX00BBBA | BBOXX/000BBBB

rﬂ: IQ! TQI TQ:
F BBOIXX{000BBDIB | BBOIXX|000BBBE | BBOXX|0000BBB | BBOIXX|0000BBE

Tﬂ= TQ: TQI 1q;
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B RO NDOOORTIN | IDOXX 000N |- 0P X 00001 | 00X poanmi
“l IQI '1! “1
F DROXX 000NN | BBOXO0000IIN | BBO0O0000IISIE | BISORK 000111
Ja 'Qi lﬂi Tﬂl
F RBOOOIOOONNN. | HBONOOOOORTI |- BIOOOXOOOINE | KA
TQ' TQ: 1#! lﬂn
F BRIBOOV00ODNRE | BNV | DENXO0OO0NIIE |- (I3[0 G131
Tﬂi Iﬂn 1#: Iﬂ:
F BBRIX0[00000BG | BRBIX00000BBE | BRBIXO00001I | 180X 00000151113
Ta: Iq: Iq: '1:
F BROIXOO0OBRR | BRNX000000BH | BRNIX0N0000UIE | BIIXO00000113
Iﬂ: 'QI 141 Tﬂl
F BBBIX000000BB | BRBIX0N0000BH | BIHX000000113 | BSX 000000151
TQ: IG: I#l Iql
F BRBIX000000BB | BBBIXX000008B F BRBIXX000001313 | BI31X X 000001513
q: 1#: lﬂ: 14:
F BBBIXX000008B | BRBIXX0000086 F BIOXXO0000010 | BBH[XX 000001313
q: Tﬂ: 11: 1#:
} BRB[XX|0000008 | BRBXX0000008 | BBRXX00000018 | BHHX X 0000008
rﬂ: 1?: qu Iﬂl
F BBBIXX000000B | BBBIXX0000008 | BBBXX|0000000 | BRI X 0000001
TQ: Tﬂl IQI th
F BBBIXX0000008 } BBBIX0000000B | BBBI000CO00ON | BEB 000000001
1@4 IQi Tﬂi 14!
F BBBJ00J000000B | BBBO0000000R | BBRI000000001 |- BBBBON0O0OO0NH
1#? rql Tﬂ:a TQ::
}nm;nnu;mtmoun F BBBIBB0000VOR |—nun|13nmmmnmn
qQ q

_'.-.'r.h-.f:iﬁnf?- e
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